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Abstract 
Two analytical approaches were used to predict the effect of transverse cracks on the stiffness degradation, Shear-lag model and 
variational approach for [θm/90n]s composite laminates and under different environmental conditions by the variation of 
temperature and transient moisture concentration distribution in desorption case. Good agreement is obtained by comparing the 
prediction models and experimental data published by Joffe. Furthermore the cracked angle-ply laminate is submitted to 
hygrothermal conditions. The transient and non-uniform moisture concentration distribution gives rise to the transient relative 
reduction of the longitudinal Young’s modulus. The obtained results represent well the dependence of the stiffness degradation 
on the cracks density, fibre orientation angle of the outer layers and transient hygrothermal conditions. 
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Nomenclature 
Efx Young modulus of fiber in longitudinal direction 
Efy Young modulus fiber in transverse direction 
Em Young modulus of the matrix 
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f(z) Function of displacement 
υfx Poisson's ratio in the direction of the fiber 
υm Poisson's ratio of the matrix 
Gfx         Shear modulus of the fibre 
Gm         Shear modulus of the matrix 
g            Ration temperature concentration 
h            Thickness of plate 
Eθ             Young modulus of θ°-layer 
E90         Young modulus of 90°-layer 
ηt            Transfer parameter of mechanical loading across the thickness  
t90                  Thickness of 90°- layer 
tθ                  Thickness of θ°- layer 
α             Stacking parameter of layer 0° and 90°     
t              Time 
c              Moisture concentration 
Gxz90       Shear modulus of 90°-layer    
Gxzθ       Shear modulus of θ°-layer    
R(a)       Modified stress perturbation function 
g(l0)       Function depend on variationnel model 
 
1. Introduction 
The modeling of transverse cracking is generally schematized by the models which make the analysis of the shear 
transfer between fiber and matrix [1-11] with the assumption that the mechanical loading is transferred between the 
layers. The shear-lag method [3-5,7-11,15,16] and variational approach [1,2,4,9] are among the most used 
procedures. The finite element method was used by Joffe and other [6] to analyze the dependence of the COD (crack 
openning displacement) on the crack density and for different angle-ply of the [S/90n]s laminate. The finite element 
model has shown quite interesting results in comparison with the experimental data. 
The hygrothermal effect in cross-ply composite laminates was studied by Tounsi and Amara [3-4-5], where 
theoretically they examined the relative longitudinal Young's modulus by taking into account the decrease in 
mechanical properties by the variation of temperature and moisture. Which are given explicitly in terms of the fibre 
and matrix properties and fibre volume ratio.  The results show that the hygrothermal environment has a significant 
effect on the reduction of the relative longitudinal Young's modulus at high crack density. 
The shear-lag model and variational approach were used to predict the effect of transverse cracks on the stiffness 
degradation of transient hygrothermal aged angle-ply [θm/90n]s composite laminates. The obtained results show a 
good agreement comparing with experimental data [6] for different angle-ply laminate and without taking into 
account the hygrothermal effect. On the other hand, the angle-ply laminates is initially exposed to the hygrothermal 
aging submitted to transient and non-uniform moisture concentration distribution for desorption case. The obtained 
results illustrate well the dependence of the stiffness degradation on fibre angle orientation, cracks density and 
transient hygrothermal conditions for desorption case. 
2. Theoretical analysis 
2.1. Shear-lag model 
We consider a symmetric [θ/90]s laminate which is subjected to uniaxial loads. It is assumed that the 90 ° ply has 
developed continuous intralaminar cracks in fiber direction which extend from edge to edge in z direction. The 
angle-ply laminate is characterized by 2.t90 the width of 90° ply, tθ the width of θ °ply and the spacing between two 
cracks is 2.l0 (Fig. 1). 
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Fig. 1: Transverse cracked angle-ply laminate and geometric model. 
 
 
Strain- stress equations are giving in the following form [7]: 
 
a) In the θ° layer: 
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b) In the 90° layer: 
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Where Sij is the compliance matrix for angle-ply laminate.   
 
We obtain the expression of the longitudinal Young’s modulus of the angle-ply laminate due to transverse 
cracks[7,10]:  
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2.2. Variational approach 
The variational approach consist that the axial stress distribution across the layer width is assumed in 0° and 90° 
layers [1]. This assumption generates linear distributions for shear stresses and parabolic in z-axis direction. 
Expressions for x-axis stress components are following: 
 
))(1( 190
90 xxx IVV                                                                                                                                         (4) 
 
      ))(1( 2 xxx IVV TT                                                                                                                                                    (5) 
 
Where 90V  and TV  are the stress in 90° layer and θ° layer before cracking respectively 
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    The reduced stiffness Ex can be expressed in the following form [1]:  
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3. Results and discussion 
In this section we will validate the results of the present program without taking into account the hygrothermal 
effect on the material properties. The results are compared with experimental data for glass/epoxy laminate [6]. The 
material properties of the chosen composite as well as their geometrical characteristics are summarized in Table 1. 
 
Table 1: Material properties of glass/epoxy laminate used in calculations[6] 
Material proprieties     EL(GPa) ET(GPa) GLT(GPa) GTT’(GPa) υLT υTT’ t90 (mm) 
Glass/epoxy 44.73 12.76 5.8 4.49 0.297 0.42 0.144 
 
3.1. Reduction of longitudinal Young’s modulus 
Fig.2 to 5 show the degradation of longitudinal Young’s modulus due to transverse cracks for glass/epoxy 
composite with different angle-ply laminates. These figures exhibit the prediction on stiffness reduction by shear-lag 
model, variational approach and the experimental data published by Joffe [6]. When the fibre orientation of the outer 
layers is less than 40° (Fig.2 to 4), it can be seen that good agreement is obtained between the shear-lag model and 
the experimental data (Joffe and al., 2001). On the other hand, when we have a β= ±40 (Fig. 5), only the variational 
model seems in good agreement with the experimental data. For that the variational approach is more accurate to 
predict the stiffness degradation on the angle-ply laminates containing delamination originating from the tips of the 
transverse cracks. 
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Fig. 2: Longitudinal Young’s modulus degradation due to transverse cracks in a [02/904]s glass/epoxy laminate. 
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Fig. 3: Longitudinal Young’s modulus degradation due to transverse cracks in a [±15/904]s glass/epoxy laminate. 
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Fig. 4: Longitudinal Young’s modulus degradation due to transverse cracks in a [±30/904]s glass/epoxy laminate. 
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Fig. 5: Longitudinal Young’s modulus degradation due to transverse cracks in a [±40/904]s glass/epoxy laminate. 
 
115 M. Khodjet-kesba et al. /  Procedia Engineering  114 ( 2015 )  110 – 117 
3.2. Influence of hygrothermal conditions 
The study, here has been focused on the stiffness reduction due to transverse ply cracking in [θ/903]s laminate 
when this latter is initially exposed to the hygothermal aging submitted to transient and non-uniform moisture 
concentration distribution in desorption case. For that the model which will enable us to introduce ageing and to see 
its development on the fiber and matrix scales is the Tsai model [12]. 
 
Tsai [12] proposes the adimensional temperature T*, which is the essential parameter for evaluation of the 
hygrothermal effect in stress distribution: 
 
                      (7) 
 
Where Tg is the glass transition temperature, Topr is the operating temperature and Trm is the room temperature  
 
We further assume that moisture suppresses the glass transition temperature by simple temperature shift. 
 
                                                             (8) 
 
Let us consider a laminated plate of thickness h made of polymer matrix composite, submitted on it two sides to 
the same dry environment.  The plate is considered to be infinite in both x and y directions and the moisture vary 
only in the z direction. The initial moisture concentration Cinit is uniform at t=0. Both sides of the plate are suddenly 
exposed to a zero moist environment (Fig. 6). The moisture concentration inside the plate is described by Fick 
equation [13-14] with diffusivity Dz. 
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Fig. 6: Desorption phase. 
 
 
With the initial conditions:                           C=Cinit  for  -h/2 ≤ z  ≤ h/2   and  t = 0 
 
           C=0  for z=-h/2 ;  z= h/2  and  t >0 
 
The initial conditions being uniform and the boundary conditions are constants, the unidimensional solution of 
Fick equation can be expressed as [13-14]: 
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The loss of stiffness in the laminate as of crack density is evaluated compared to the initial stiffness of the same 
uncracked laminate and for the same environmental case. We note that this initial stiffness of the uncracked laminate 
is function of temperature and moisture distribution. Consequently, Equations (3) and (26) become: 
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The index (i) represents the considered case of the environmental conditions 
 
The longitudinal Young’s modulus degradation is represented in angle-ply [θ/903]s cracked laminate exposed to 
hygrothermal conditions with a parabolic variation of longitudinal displacement in both θ° and 90° layers. Transient 
and non-uniform moisture concentration has been selected to represent the effect of temperature and moisture in the 
cracked angle-ply laminates for desorption case. Three sets of environmental conditions are considered. For 
environmental case 1, Top=22°C and C=0%. For environmental case 2, Top=60°C and C=0.5%. For environmental 
case 3, Top=120°C and C=1%. In the three cases, the moisture is supposed to be equal to 1.5%. The time chosen for 
simulation is taken equal to tsat=4222h with tsat is the moisture saturation for T300/5208. The characteristics of 
fibre and matrix of graphite/epoxy (T300/5208) laminate are exposed in Table 2. 
Table 2 Fiber and matrix characteristics of graphite/epoxy material (T300/5208) [9,12] 
Material proprieties     Efx(Gpa) Efy(Gpa) νfx Em(Gpa) νm Gm(Gpa) Gfx(Gpa) 
graphite/epoxy (T300/5208) 259 18.69 0.25 3.4 0.35 1.26 19.69 
 
 
Fig. 7: Hygrothermal effect on the longitudinal Young’s modulus degradation due to transverse cracks in a [θ/903]s graphite/epoxy (T300/5208). 
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The obtained results which are presented in Fig. 7 show that the stiffness is reduced with transverse crack density 
and fibre angle orientation θ in the outer layers. However, the transient moisture concentration and temperature 
distribution in desorption case, leads to less reduction of the longitudinal Young’s modulus when the operational 
temperature and moisture concentration increase for the fibre angle orientation θ less than or equal to 15°. On the 
other hand, small reduction of the longitudinal Young’s modulus is observed with increasing operational 
temperature and moisture concentration when the fibre angle θ is greater than 15°. This latter confirmed that the 
matrix diffusivity in desorption case of the angle-ply laminate depends on the fibre angle orientation, operational 
temperature and moisture concentration.  
 
4. Conclusion  
The stiffness reduction was predicted using simple analytical models on the angle-ply [θm/90n]s laminate 
including the effect of transverse cracks and under different environmental conditions by the variation of 
temperature and transient moisture concentration distribution in desorption case. The results show good agreement 
between prediction models and experimental data. On the other hand, when the angle-ply laminate is subjected to 
hygrothermal conditions, the relative longitudinal Young’s modulus largely depends on the crack density, fibre 
orientation angle θ of the outer layers, matrix diffusivity and operational temperature.    
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